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 Earliest ‘population” mortality records collected in the late
16" century by local parishes.

* In 1662 Graunt carries out the first detailed investigation of
mortality of Londoners.

* In 1693 Halley constructs the first ‘life table’ of Breslau.

* In 1746 Deparcieux uses a life table method to show
increases in life expectancies.

e In 1766 Bernoulli first studies the properties of mortality
intensity £(x). Lambert in 1772 calls the inverse of this the
‘force of vitality” and develops the earliest mathematical
models for the survivor function S(x).
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In 1725 de Moivre first proposed a piecewise linear survivor
function S(x) - S(x+t)=at.

In 1772 Lambert first expresses the gradual ‘exhaustion of
man’s power’ in a mathematical formula.

In 1798 Malthus predicted exponential increase of human
population with consequent misery and famine unless family
size was regulated. The model was later adjusted by
Verhulst in 1838, to limit the population growth predictions.

In 1825 Gompertz proposed a survivor function which
results in an exponentially rising mortality intensity. This
model was later extended by Makeham in 1860 to allow for
young mortality.

In 1872 Thiele develops the first complex model that
attempts to accurately model g(x) over the whole life span.
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97 4 %+ % 922 b4
A R R EANES 'S 7= # T F AT T 30k ¢
X ~ (X+n) ()4 Ix dx Lx TX ex

0 0.00505 100000 505 99590 7556123 75.56
4 0.00164 99495 163 397600 7456533 74.94
9 0.00076 99331 75 496440 7058933 71.06
10 — 14 0.00083 99256 83 496121 6562493 66.12
15 — 19 0.00269 99174 267 495269 6066372 61.17
20 — 24 0.00379 98907 375 493625 5571103 56.33
25 — 29 0.00490 98532 483 491528 5077478 51.53
30 — 34 0.00789 98049 774 488455 4585950 46.77
35 — 39 0.01234 97275 1200 483583 4097495 42.12
40 — 44 0.01851 96075 1778 476169 3613911 37.62
45 — 49 0.02515 94297 2372 465807 3137743 33.28
50 — 54 0.03356 91926 3085 452242 2671936 29.07
55 — 59 0.04628 88840 4112 434446 2219694 24.99
60 — 64 0.06704 84729 5680 410141 1785248 21.07
65 — 69 0.09955 79049 7869 376693 1375107 17.40
70 — 74 0.15296 71179 10888 329867 998413 14.03
75 — 79 0.22642 60292 13651 268323 668546 11.09
80 — 84 0.32849 46640 15321 195157 400223 8.58
85+ 1.00000 31319 31319 205066 205066 6.55




54 7 (N F88~904£)F HH R AL T
# & EANES S S S EANER - A T ¥ Aor T 3ok &
X Ix dx pX gx Lx TX ex
p Day
0 100000 257 0.99743 0.00257 1915 7378929 73.79
7 99743 57 0.99943 0.00057 1912 7377013 73.96
14 99686 30 0.99970 0.00030 1911 7375101 73.98
21 99656 21 0.99979 0.00021 1911 7373190 73.99
28 99635 63 0.99937 0.00063 8732 7371279 73.98
» Month
2 99572 40 0.99960 0.00040 8182 7362546 73.94
3 99532 88 0.99912 0.00088 24531 7354364 73.89
6 99444 83 0.99917 0.00083 50382 7329832 73.71
& Year
0 100000 638 0.99362 0.00638 99478 7378929 73.79
1 99362 85 0.99915 0.00085 99319 7279450 73.26
2 99277 62 0.99938 0.00062 99246 7180131 72.32
3 99215 44 0.99956 0.00044 99193 7080885 71.37
4 99171 32 0.99967 0.00033 99155 6981691 70.40




= 2.00%

# ¥ Qx
0 .00340
1 .00074
2 .00051
3 .00036
4 .00027
5 .00023
6 .00020
7 .00018

10,000,000

9,965,940

9,958,615

9,953,566

9,950,003

9,947,346

9,945,078

9,943,069

dx

34,060

7,325

5,049

3,563

2,657

2,268

2,009

1,810

33724.425

7110.585

4805.145

3324.766

2430.153

2033.954

1766.276

1559.878

Dx

10000000.000

9770529.412

9571909.875

9379467.566

9192264.428

9009617.738

8830944.652

8656040.002

Mx

2102236.334

2068511.908

2061401.323

2056596.178

2053271.412

2050841.259

2048807.305

2047041.029

NX

403842268.834

393842268.834

384071739.423

374499829.547

365120361.982

355928097.554

346918479.816

338087535.164
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S(X)=1—F(X)=P(X>Xx),x=0-
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Xp():S(X)

1Oy = P(t<T(X) <t+s)= S(X+1) _S(x+t+5)

S(X) S(X)
_ S(x+1) _1_ S(X+t+s)
S(X) S(x+t) |

:t px sqx+t




s T_¥% A v (Stationary Population)
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23133 7+ = (Uniform distribution of death;UDD)
IXth =(1—t)|x +t-|x+1 0<t<1

1 1
szlx_adx:§(|x+lx+l)
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L 354k & (Expectation of Life)
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i 7 = & &g(Mortality Compression)

R isidd W27~ L T#5 F K

BT A AT

m 3w W &A1 (Rectangularization) »
(Wilmoth and Horiuchi, 1999)

m = A ﬁx% ® (Concentrated age-relating
death) 7 | erdB A > R = gl
L ;./ﬁffr\’li &c(Kannisto, 2000) -
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Survival Curves of Japanese Females
S(x)
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Dastribution of deaths by age. IQR and C50. Sweden, Male, 1861-70 and 1991-95.
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VS. No Limits

There 1s a Limit



2 4 4%+ (Hayflick Limit)

&3 LR RLF (LA R e
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v = JBR %Fﬁ(l\/lortality Compression)

m Fires(1980):i2. 5 % % ¢ B R RN 3 5 o
M p AR AER T (Rectangularlzatlon)mii
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=2 % & Sg(Morbidity Compression)
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JRUIE (- AN ST SR g N R
R B 0 BT 3ET % Bic(Discrete varlables)
P PR RER s VI g F
e Y g 1Y
P(X<X<X+AX| X >X)=P(0<T(X)<AX)
~ S(X) = S(Xx+ AXx)
S
SI(X)-AX
S(X)




At i 2% )2 S0 1 dS(
H=11M At S(X)_ S(X) dx |

At—0

B-dx #5 1 E 5L B
' S(x)

< S(X) = eXp(—J-ﬂde)-
T2
n Px = exp(_J‘on luX+tdt)'
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i G, =1, =P(T (x) <),

AL % CDF » $FpFE® t s & ¥ PDF -

d, «d, . d(Skx+t)
a(th)_ dt(tpx) dt( S(X) j

1

— _%(_ﬂxﬂ . S(X +t)):tpx Myt

%“%‘—:\;i ’ thlLlXH ?Kﬁ«é" T#/‘éﬂ—t’%&ﬁ’PDF °



m i~ ~PDF > 7= ﬁ‘ﬁ;’é‘«; -‘;1:?;‘3,7);\'

nCIx — 0 lLlX+'[ pX+'[ dt

- U@éﬁ%ﬁ{ﬁjﬂjﬁ y TFEFATE £ G

L, = jol .. dt = Ixjolt p, dt.
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E(T) = €x
Var(T) — J‘Oootz,l«lxﬁ t px dt - (éx)2

=2j0°ot P, dt—(ex)>.

s E(T) 2 Var(T) 2 485 & o
=2 B4 ¢ S(X) = (1+x)+
29 S(X) = (1+x)2 -



5 LR & ¥4 (Fractional Ages) ik
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-2 &4 F&(Linear Interpolation)
—~4p # P 4&(Exponential Interpolation)
=23 fop 3&(Harmonic Interpolation)
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F S S HoR &
S(x+t):(1—t)-S(x)+t-S(x+1)
e R R LT

23 v = & e (U.D.D)
R R BERXTREE FHEIP, 5 oS

#e q=t-q..



s do P 4 (0<t<1)
EREESE e
S(X+t)=S(X)"" xS(x+1)
4fwdﬁ%m#@1*ﬂ’f?pﬁwﬁ&”7
A u = Flr X fEG 5 4 (Constant
Force of Mortality) -

R e BESE TR E & g
t px — (px)t'
= log(S(x+t))=(L—1t)log(S(x))+tlog(S(x+1)).
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% é‘—; % ¥ = #c(Fraction of the Last Age Interval
Life) : 2% a,=1/2 (U.D.D)

L 1
=L Lx :I Ix+t dt = Ix+1_|_ax dx
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> 133; Chiang(# & 1%,1984) $+ % 26 % B 7
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- DeMoivre :

-> Gompertz :

- Makeham :

->Weibull :

S(x):l—i, X<W
W
=BC*,B>0,C >1
1, =A+BC", A>-B
u, =kx", k>0,n>0
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DF G B AR (L EE X EM)
P, =P(X >x+t| X >x)=¢™*
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DeMoivre’s Law =g (2
s )RR~ v F s A ,=100-x, 0 < x < 100
IR KT AR ¢ (UDD k) o
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(1-7) S(x) +r S(x+1)

rq,

(1 T 'r)gx

1 — 'rgx
q

I — f{j’ x

l—1zq,

sp .

I — Ig x
q

S(x)"7 S(x+1)

—p. log p.

|

1—r1 t

_|_
S(x) S(x+1)

I'q |

T

1—(1—1#)gq.

(1 —1aq,

q x

1_(1_‘+}{?T

P

1—(l—#f)g.

o

1 — (.]- - ¥V = f)ﬂa

9 xPx

[1-1-1qg,]
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(1) x /= 52
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(2) 0<r=1

(3)0=s5 =1 B s+r=l
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S ES [ x S(x) R 3] 4% 1

DeMoivre (@—x)" X O<x<w
(1725) @

Gompertz B(C* exp[-m(c’ -1)] B>0.C=>1,
(1825) > 0

Makeham 4+ BCF expl-Ax—m(c* -1)] B>0.4z-B
(1860) C>Lx=0
Weibull Iy exp[— px™"] k>0.n>0,
(1939) vz 0

Eim= B = i

log( | n+1



